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Abstract
We study a tachyon cosmological model based on the dynamics of a 3-brane in the
bulk of the second Randall-Sundrum model extended to more general warp functions.
A well known prototype of such a generalization is the bulk with a selfinteracting scalar
field. As a consequence of a generalized bulk geometry the cosmology on the observer
brane is modified by the scale dependent four-dimensional gravitational constant. In
particular we study a power law warp factor which generates an inverse power-law
potential V ∝ ϕ−n of the tachyon field ϕ. We find a critical power ncr that divides two
subclasses with distinct asymptotic behaviors: a dust universe for n > ncr and a quasi
de Sitter universe for 0 < n < ncr.
1 Introduction
Braneworld cosmology is based on the scenario in which matter is confined on a brane
moving in the higher dimensional bulk with only gravity allowed to propagate in the bulk
[1, 2]. Among many braneworld models a particularly important are the two versions of the
Randall-Sundrum (RS) model. The first RS model (RSI) [3] was originally proposed as a
solution to the hierarchy problem in particle physics whereas the second RS model (RSII)
[4] renders a mechanism for localizing gravity on the 3+1 dimensional universe embedded in
a 4+1 spacetime without compactification of the extra dimension.
Immediately after the papers [3, 4] appeared, it was realized that the RS model is im-
mersed in a wider framework of the so called AdS/CFT correspondence [5] (for a recent
retrospect see appendix of Ref. [6]). At the same time it was realized that the RS model,
as well as similar braneworld models, may have interesting cosmological implications [7, 8].
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In particular, owing to the presence of an extra dimension and the bulk cosmological con-
stant related to the brane tension, the usual Friedmann equations are modified [7] so the
model can have predictions different from the standard cosmology and is therefore subject
to cosmological tests [9].
The RS model, originally proposed with a pure 4+1-dimensional anti-de Sitter (AdS5)
bulk, can be extended to include matter in the bulk. A massive scalar field in the bulk was
first introduced by Goldberger and Wise [10] to stabilize the brane separation in RSI. The
RS model with a minimally coupled scalar field in the bulk, referred to as the thick brane
model, has been constructed for maximally symmetric solutions on the brane [11]. It has
been demonstrated that the bulk scalar potential and the corresponding brane potential can
be derived from a superpotential in which case the solution of the static vacuum geometry
reduces to a set of first-order BPS-like equations [12].
A noncanonical scalar field in the bulk with bulk tachyon Lagrangian has been considered
in Ref. [13] where a thick braneworld has been investigated in the cosmological context.
In particular, the stability under tensor perturbations and gravity localization has been
demonstrated. In a subsequent paper [14] the stability under scalar perturbation has been
studied for a braneworld with maximally symmetric geometry. Models where matter in the
bulk contains a non-minimally coupled selfinteracting scalar have also been studied. Some
interesting features of these models can be found in Refs. [15, 16] and references therein.
In this paper we study an RSII-type braneworld cosmology extended to more general
warp factors. As an application, we study in particular a braneworld scenario based on this
extended RSII with an effective tachyon field on the brane1. What distinguishes the tachyon
from the canonical scalar field is the Lagrangian of the Dirac-Born-Infeld (DBI) form [17]:
L = V (ϕ)√1− gµνϕ,µϕ,ν . (1.1)
A similar Lagrangian appears in the so called DBI inflation models [18]. In these models
the inflation is driven by the motion of a D3-brane in a warped throat region of a compact
space and the DBI field corresponds to the position of the D3-brane.
As shown by Abramo and Finelly [19] in a standard cosmological scenario, for the class
of tachyon models with inverse power-law potentials V (ϕ) ∝ ϕ−n, the power n = 2 divides
two subclasses with distinct behaviors in the asymptotic regimes. For n < 2 in the limit
ϕ → ∞, the pressure p → −1 and the universe behaves as quasi-de Sitter. For n > 2, for
large ϕ the pressure p→ 0− very quickly yielding asymptotically a cold dark matter (CDM)
domination. In the context of tachyon inflation, in both cases after the inflationary epoch
the tachyon will remain a dominant component unless at the end of inflation, it decayed into
inhomogeneous fluctuations and other particles. This period, known as reheating [20, 21, 22],
links the inflationary epoch with the subsequent thermalized radiation era.
A simple tachyon model can be realized in the framework of RSII. The original RSII
consists of two 3-branes in the AdS5 bulk with line element
ds2(5) = GabdX
adXb = e−2|y|/ℓηµνdxµdxν − dy2, (1.2)
with observer’s brane placed at y = 0 and the negative tension brane pushed of to y =
∞. It may be easily shown [23] that one additional 3-brane moving in the AdS5 bulk
1Note that our tachyon field is located on the observer brane in contrast to the bulk tachyon of Refs.
[13, 14].
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behaves effectively as a tachyon with a potential V (ϕ) ∝ ϕ−4 and hence drives a dark
matter attractor. A more general tachyon potential could be obtained from more general
bulk geometry. This can be achieved if one assumes a presence of matter in the bulk, e.g.,
in the form of a selfinteracting scalar field. The bulk scalar would change the bulk geometry
depending on the scalar field potential. In addition, the braneworld cosmology would differ
from that of the original RSII model.
A straightforward approach would be to start from a given bulk field potential and derive
the bulk geometry which would, in turn, yield a tachyon potential of the effective tachyon
field induced by the dynamical 3-brane. A more empirical approach would be to go the
other way round: starting from a given, phenomenologically interesting tachyon potential
one would fix the warp factor and one could, in principle, construct the bulk scalar-field
selfinteraction potential. In this paper we will start from a warp factor of a general form and
use the tachyon model to study the cosmology on the brane. In particular, we will study
the effects of the warp factor of the power-law form which may be linked to the exponential
superpotential of the bulk field. With this warp the tachyon will have an inverse power-
law potential. We will analyze this type of tachyon potentials in four different cosmological
scenarios: the standard tachyon cosmology, low and high density regimes of our branenworld
model, and high density Gauss-Bonnet braneworld cosmology.
The remainder of the paper is organized as follows. In the next section we introduce the
extended RSII and derive the corresponding braneworld cosmology. In Sec. 3 we introduce
the tachyon as a dynamical brane and derive the field equations in a covariant Hamiltonian
formalism. The asymptotic solutions to the field equations for the inverse power law potential
are presented in Sec. 4. In Sec. 5 we give the concluding remarks. Finally, in Appendix A
we outline the derivation of the generalized RSII model with a scalar field in the bulk.
2 Braneworld cosmology
Our curvature conventions are as follows: Rabcd = ∂cΓ
a
db − ∂dΓacb + ΓedbΓace − ΓecbΓade and
Rab = R
s
asb, so Einstein’s equations are Rab − 12RGab = +8πGTab.
Here, we derive the braneworld cosmology assuming that the bulk spacetime is given by
the metric
ds2(5) = GabdX
adXb = ψ(y)2ηµνdx
µdxν − dy2, (2.1)
and the cosmology is determined by the motion of the brane. It will be sometimes advanta-
geous to work in conformal coordinates with line element
ds2(5) =
1
χ(z)2
(gµνdx
µdxν − dz2). (2.2)
The two metrics are related by the coordinate transformation
dz =
dy
ψ(y)
(2.3)
and
χ(z) =
1
ψ(y(z))
. (2.4)
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The observer brane is placed at y = ybr (z = zbr) and, as in the original RSII model, we
assume the Z2 orbifold symmetry y−ybr ↔ ybr−y (z ↔ z2br/z), so the region −∞ < y ≤ ybr
(0 < z ≤ zbr) is identified with ybr ≤ y <∞ (zbr ≤ z <∞).
Next, we assume that observer’s brane has additional matter represented by the La-
grangian L, i.e., the brane action is
Sbr[h] =
∫
Σ
d4x
√
−h(−λ(y) + L[h]), (2.5)
with a y-dependent brane tension λ. Then, we allow the brane to move in the bulk along
the fifth coordinate y. In other words, the brane hypersurface Σ is time dependent and may
be defined by
ψ(y)2 − a(t)2 = 0, (2.6)
where a = a(t) is an arbitrary function. The normal to Σ is then given by
nµ ∝ ∂µ(ψ(y)− a(t)) = (−a˙, 0, 0, 0, ψ′) (2.7)
and, using the normalization gµνnµnν = −1, one finds the nonvanishing components
nt =
a˙
ψ′
(
1− a˙
2
ψ2ψ′2
)−1/2
, (2.8)
ny = −
(
1− a˙
2
ψ2ψ′2
)−1/2
. (2.9)
Using this, we find the induced line element on the brane
ds2ind = (Gab + nanb)dx
adxb = n(t)2dt2 − a(t)2dx2, (2.10)
where
n2 = a2 − a˙
2
ψ′2
. (2.11)
It is understood that the argument y of ψ′(y) is implicitly time dependent through (2.6).
The Friedmann equations on the brane follow directly from the junction conditions [24]
[[Kµν − δµνKαα ]] = 8πG5(λ(y)δµν + T µν ), (2.12)
where Kµν is the pullback of the extrinsic curvature tensor defined in Appendix (Eq. (A.4)).
The energy momentum tensor T µν = diag(ρ,−p,−p,−p) corresponds to the Lagrangian L.
From (2.12) together with (2.8)-(2.11) we obtain
(∂ta)
2
n2a2
+
ψ′2
ψ2
=
(
4πG5
3
)2
(λ+ ρ)2. (2.13)
The first term on the left-hand side of (2.13) is the square of the Hubble expansion rate for
the metric (2.10) on the brane
H2 =
(∂ta)
2
n2a2
. (2.14)
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Then, the first Friedmann equation takes the form
H2 =
8πGN
3
(
4πG5
3k
λ
)
ρ+
(
4πG5
3
)2
ρ2 +
(
4πG5
3
λ
)2
− ψ
′2
ψ2
, (2.15)
where GN is the four-dimensional Newton constant and k is a mass scale related to G5,
k =
GN
G5
. (2.16)
Generally, λ, ψ and ψ′ are implicit functions of a(t) through their dependence on y which
in turn is a function of a via (2.6). For a pure AdS5 bulk with curvature radius ℓ = 1/k we
have ψ′/ψ = −k, k = 1/ℓ, λ is constant and with the RSII fine tuning condition we recover
the usual RSII expressions (see, e.g., Ref. [6]). Henceforth we will assume |ψ′/ψ| . k and
the average of |ψ′/ψ| will basically represent a warp compactification scale.
A modified Friedmann equation similar to (2.15) was derived by P. Brax, C. van de Bruck
and A. C. Davis [25] for a braneworld with a scalar field Φ in the bulk with a time dependent
geometry. The full expression in our notation reads
H2 =
4πG5
9
Wρ+
(
8πG5
3
ρ
)2
− 4πG5
9a4
∫
dτ
dW
dτ
a4ρ− 1
6a4
∫
dτ
da4
dτ
(
1
2
(∂τΦ)
2 − Ueff
)
,
(2.17)
where τ is the synchronous time andW = W (Φ) is the superpotential. The effective potential
Ueff = Ueff(Φ) is defined as
Ueff =
W 2
6
− 1
8
(
dW
dΦ
)2
+ U (2.18)
and U = U(Φ) is the bulk-field potential. It is understood that Φ and its derivative ∂τΦ
are functions of τ only. The contribution of the last two terms in (2.17) is referred to as the
retarded effect [25]. In deriving (2.17) the contribution of dark radiation has not been taken
into account.
Eq. (2.17) reduces to a simpler equation similar to our (2.15) if one assumes that the
bulk scalar field is evolving much slower than the scale factor. On this assumption we have
1
W
dW
dτ
≪ 1
a4ρ
da4ρ
dτ
(2.19)
and
da4
dτ
(
1
2
(∂τΦ)
2 − Ueff
)
≃ d
dτ
(
a4
2
(∂τΦ)
2 − a4Ueff
)
, (2.20)
so the third term on the righthand side of (2.17) can be neglected compared with the first
term and the integration in the last term is trivially performed. The constant of integration
can be set to zero as it would only contribute to a dark radiation term of the form 1/a4
which has been ignored anyway. Hence, up to a dark radiation term, Eq. (2.17) reduces to
H2 =
4πG5
9
Wρ+
(
8πG5
3
ρ
)2
+
1
6
(
Ueff − 1
2
(∂τΦ)
2
)
. (2.21)
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Now we show explicitly that our equation (2.15) is equivalent to (2.21). First we identify
the superpotential and bulk potential
W (Φ) ≡ 8πG5λ(y), (2.22)
U(Φ) ≡ 1
2
Φ′2 − 6ψ
′2
ψ2
, (2.23)
where Φ = Φ(y) is yet unspecified function of y. Next, using Eqs. (2.18), (2.22), and (2.23)
as the defining equations for Ueff , we can express (2.15) in the form
H2 =
4πG5
9
Wρ+
(
8πG5
3
ρ
)2
+
1
6
Ueff − 1
12
(
Φ′2 − 1
4
(
∂W
∂Φ
)2)
. (2.24)
Finally, by demanding that the function Φ satisfies
Φ′2 − 1
4
(
∂W
∂Φ
)2
= (∂τΦ)
2 , (2.25)
our equation (2.15) takes the form identical to (2.21). Hence, we have demonstrated that
equations (2.15) and (2.21) are equivalent.
By manipulating Eq. (2.25) with the help of (2.7), (2.11), and (2.14) we find that Φ
satisfies another equation equivalent to (2.25):
Φ′ =
1
2
∂W
∂Φ
(
1−H2 ψ
2
ψ′2
)−1/2
. (2.26)
Given the functions λ(y) and ψ(y), equations (2.22), (2.23), and (2.26) together with (2.15)
determine parametrically W and U as functions of Φ. Note that Eqs. (2.26) is consistent
with the first equation in (A.14) in the static limit H → 0.
In this way, the scale dependence of the brane tension λ(y) which has not been specified
yet, can be attributed to a scalar field dynamics in the bulk. Due to the retarded effect,
equation (2.17), even in its reduced form (2.15), is rather complicated. However, we can
simplify our braneworld cosmology by assuming that the contribution of the retarded effects
in (2.15) are negligible compared to H2, i.e., we will assume(
4πG5
3
λ
)2
≈ ψ
′2
ψ2
. (2.27)
This assumption is motivated by the junction condition (A.10) (as a generalization of the
fine tuning condition of RSII) which is exact in the static case. Then our approximated
braneworld cosmology is defined by the Friedmann equation
H2 =
8πG
3
ρ+
(
4πGN
3k
ρ
)2
. (2.28)
Here G = G(a) is a scale dependent effective gravitational constant defined as
G(a) =
GN
k
dχ
dz
∣∣∣∣
z=χ−1(1/a)
, (2.29)
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where χ−1 denotes the inverse function of χ. The second Friedmann equation is easily
obtained by combining the time derivative of (2.28) with energy-momentum conservation
yielding
H˙ = −
(
4πG+ 3
(
4πGN
3k
)2
ρ
)
(p+ ρ) +
4π
3
dG
da
aρ. (2.30)
As a promising future research topic it would be of interest to extend our approach along
the lines of Ref. [26] where the warp factor was allowed to depend on the radial braneworld
coordinate r in addition to the usual y and t dependence. A natural extension worth of
investigating would be including r dependence of the bulk scalar field in addition to its y
dependence.
In the following we shall abbreviate by BWC the braneworld cosmology described by
(2.28) and (2.30). Thus, the Friedmann equations of BWC differ from those of the original
RSII in the scale dependence of the effective gravitational constant G and in one additional
term in the second equation that depends on the derivative ofG. This term will be suppressed
if the scale dependence of G is weak.
Equation (2.29) imposes certain restrictions on the function χ. First, we need G(a)
to be positive which restricts χ(z) to the class of monotonously increasing functions of
z and, as a consequence of (2.3), ψ must be a monotonously decreasing function of y.
Second, the variation of G(a) is constrained by the big bang nucleosynthesis [27] and other
cosmological and astrophysical observations [28]. The observations are roughly consistent
with the constraint ∣∣∣∣∣G˙G
∣∣∣∣∣
today
. 10−12yr−1 (2.31)
which, in turn, implies ∣∣∣∣ aG dGda
∣∣∣∣
today
=
1
H0
∣∣∣∣∣G˙G
∣∣∣∣∣
today
. 1.43× 10−2, (2.32)
where we have used the value H−10 = 14.3 Gyr corresponding to the Planck 2015 estimate of
the Hubble constant H0 = 68 km/s/Mpc [29]. Using the definition (2.29), we find a relation
a
G
dG
da
= − χχ,zz
χ2,z
∣∣∣∣
z=χ−1(1/a)
. (2.33)
Thus, equation (2.32) imposes a constraint also on χ(z). For our purpose the metric of the
power law form χ ∝ zn/4 is of particular interest. In this case Eq. (2.33) reads
a
G
dG
da
= −n− 4
n
(2.34)
and Eq. (2.32) imposes a constraint on the power
|n− 4| . 0.057, (2.35)
where the central value n = 4 corresponds to the original RSII setup with constant G.
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As demonstrated in Appendix A, the power-law warp χ ∝ zn/4 with n ≥ 4 can be
attributed to a selfinteracting scalar field Φ in the bulk with exponential superpotential
W ∝ exp γΦ, Then, the constraint (2.35) implies a constraint on the parameter γ (see also
Ref. [30])
γ2 . 0.477× 10−2, (2.36)
which is less stringent than the order of magnitude estimate [31] γ . 0.01 based on the solar
system bounds on the Edington parameter [32].
The constraint (2.32) yielding (2.35) and (2.36) is obtained from astrophysical and cos-
mological bounds on variation of G for the period between BBN (corresponding roughly to
the scales a ≃ 10−9) and today. It is conceivable that the bounds on variations of G with a
are less restrictive for the early cosmology prior to BBN.
3 Dynamical brane as a tachyon
In this section we introduce a tachyon via the dynamical brane. In addition to the observer
brane at y = ybr we place a non BPS positive tension brane at y > ybr in the bulk with
metric (2.1). Our setup is similar to that of Lykken and Randall [33].
The action of the 3+1 dimensional brane in the five dimensional bulk is equivalent to
the Dirac-Born-Infeld description of a Nambu-Goto 3-brane. [34, 35]. Consider a 3-brane
moving in the 4+1-dimensional bulk spacetime with coordinates Xa, a = 0, 1, 2, 3, 4. The
points on the brane are parameterized by Xa(xµ), µ = 0, 1, 2, 3, where xµ are the coordinates
on the brane. The brane action is given by
Sbr = −σ
∫
d4x
√
− det(g(ind)) , (3.1)
where σ is the brane tension and g
(ind)
µν is the induced metric or the “pull back” of the bulk
space-time metric Gab to the brane,
g(ind)µν = Gab
∂Xa
∂xµ
∂Xb
∂xν
. (3.2)
Taking the Gaussian normal parameterization Xa(xµ) = (xµ, z(xµ)), we find
g(ind)µν =
1
χ(z)2
(gµν − z,µz,ν) . (3.3)
A straightforward calculation of the determinant yields the brane action in the form
Sbr = −σ
∫
d4x
√−g χ−4
√
(1−X), (3.4)
where we have introduced the abbreviation
X = gµνz,µz,ν . (3.5)
Hence, we have obtained a tachyon Lagrangian with potential
V (z) = σχ(z)−4, (3.6)
8
where the fifth conformal coordinate z = z(x) has become a dynamical tachyon field. An
attempt was made to generalize the action (3.4) by replacing (1 − X)1/2 by (1 − X)q with
q being an arbitrary positive power [36]. However, only the action with q = 1/2 stems from
d-brane dynamics in a d+ 1 + 1 bulk.
Next, we derive the tachyon field equations from the action (3.4). The tachyon Lagrangian
takes the form
L = − σ
χ(z)4
√
1− gµνz,µz,ν , (3.7)
and in the following we assume that the function χ(z) is known. Note that for a pure AdS5
bulk we have χ = kz and we reproduce the brane action of Ref. [23] if we identify the scale
k with the inverse of the AdS5 curvature radius ℓ.
It is important to stress that the cosmology in section 2 was derived assuming that the
observer brane is moving in the bulk with time independent geometry, and Eq. (2.6) relates
the position of the observer brane to the cosmological scale a. However, in this section we
work in the gauge where the observer brane is at a fixed position and the cosmology will
reflect the time dependence of the bulk metric in addition to the time dependence of the
dynamical brane position. We consider a spatially flat FRW spacetime on the observer brane
with four dimensional line element in the standard form
ds2 = gµνdx
µdxν = dt2 − a(t)2(dr2 + r2dΩ2), (3.8)
where, unlike in Sec. 2, the time t is synchronous. In the cosmological context it is natural
to assume that the tachyon condensate is comoving, i.e., the velocity components are uµ =
(1, 0, 0, 0) and X becomes simply
X = z˙2. (3.9)
The treatment of our system is conveniently performed in the covariant Hamiltonian
formalism based on earlier works on symplectic formalism of De Donder [37] and Weyl [38]
(for recent reviews see Refs. [39, 40]; for details and application in cosmology see Ref. [23]).
For this purpose we first define the conjugate momentum field as
πµz =
∂L
∂z,µ
. (3.10)
In the cosmological context πµz is time-like so we may also define its magnitude as
πz =
√
gµνπ
µ
z πνz . (3.11)
The Hamiltonian density may be derived from the stress tensor corresponding to the La-
grangian (3.7) or by the Legendre transformation. Either way one finds
H = σ
χ4
√
1 + π2zχ
8/σ2. (3.12)
Then, we can write Hamilton’s equations in the form [23]
z˙ =
∂H
∂πz
, (3.13)
π˙z + 3Hπz = −∂H
∂z
. (3.14)
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In the spatially flat cosmology the Hubble expansion rate H is related to the Hamiltonian
via the modified Friedmann equation (2.15). As the cosmological scale is no longer related
to the observer’s brane position, the function χ(a) need not satisfy the condition (2.6). Nev-
ertheless, the brane cosmology is governed by the same (approximate) Friedmann equation
(2.28) in which the scale dependent gravitational constant will have a functional dependence
on the the warp factor as dictated by equation (2.27), i.e., G ∝ χ,z. However, the functional
dependence on the cosmological scale will be subject to the field equations (3.13) and (3.14)
together with Eq. (2.28) which can be written as
H ≡ a˙
a
=
√
8πGN
3
H
(
χ,z
k
+
2πGN
3k2
H
)
. (3.15)
To solve the system of equations (3.13)-(3.15) it is convenient to rescale the time as t =
τ/k and express the system in terms of dimensionless quantities. Besides, by appropriately
rescaling the tachyon field z and its conjugate field πz we can eliminate the brane tension σ
from the equations. To this end we introduce the dimensionless functions
h = H/k, ϕ = kz, πϕ = πz/σ, (3.16)
and we rescale the Lagrangian and Hamiltonian to obtain the rescaled dimensionless pressure
and energy density:
p =
L
σ
= − 1
χ4
√
1 + χ8π2ϕ
= − 1
χ4
√
1− ϕ˙2, (3.17)
ρ =
H
σ
=
1
χ4
√
1 + χ8π2ϕ =
1
χ4
1√
1− ϕ˙2 . (3.18)
In these equations and from now on the overdot denotes a derivative with respect to τ . Then
we introduce a combined dimensionless coupling
κ2 =
8πG5
k
σ =
8πGN
k2
σ (3.19)
and from (3.13)-(3.15) we obtain the following set of equations
ϕ˙ =
χ4πϕ√
1 + χ8π2ϕ
=
πϕ
ρ
, (3.20)
π˙ϕ = −3hπϕ + 4χ,ϕ
χ5
√
1 + χ8π2ϕ
. (3.21)
Here
h =
√
κ2
3
ρ
(
χ,ϕ +
κ2
12
ρ
)
, (3.22)
where χ,ϕ is an abbreviation for ∂χ/∂ϕ. Obviously, the explicit dependence on σ and k in
Eqs. (3.20)-(3.22) is eliminated leaving one dimensionless free parameter κ which could, in
principle, be fixed from phenomenology.
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4 Cosmological solutions to the field equations
Next, we analyze in detail the tachyon with potential
V (ϕ) = ϕ−n, or χ(ϕ) = ϕn/4, (4.1)
As shown in Appendix, this inverse power-law dependence for n > 4 can be derived from
the exponential superpotential (A.23) in the braneworld model with a scalar in the bulk.
According to (2.29) and (3.6), the potential (4.1) being a monotonously decreasing function
of ϕ, is consistent with the positivity requirement for G(a). We will assume that the bounds
on variations of G with a discussed in Sec. 2 do not apply to the pre-BBN cosmology, in
particular during inflationary epoch, so we will ignore the constraint (2.35).
With (4.1) equations (3.20) and (3.21) become
ϕ˙ =
ϕnπϕ√
1 + π2ϕϕ
2n
, (4.2)
π˙ϕ = −3hπϕ + n
ϕn+1
√
1 + π2ϕϕ
2n
. (4.3)
We will try to solve these equations by the ansatz
πϕ = cnϕ
m−n, (4.4)
where the constants cn and m are to be fixed by the field equations. With this ansatz the
density is given by
ρ = ϕ−n(1 + π2ϕϕ
2n)1/2 = ϕ−n(1 + c2nϕ
2m)1/2 (4.5)
and Eq. (4.2) becomes
ϕ˙ =
cnϕ
m√
1 + c2nϕ
2m
. (4.6)
Furthermore, the time derivative of (4.4) together with (4.6) yields
π˙ϕ = c
2
n(m− n)ϕ2m−n−1
(
1 + c2nϕ
2m
)−1/2
. (4.7)
We will look for solutions in the low and high energy density regimes of BWC characterized
by the conditions κ2ρ/12≪ χ,ϕ and κ2ρ/12≫ χ,ϕ, respectively. In these regimes the Hubble
rate is respectively given by
h =
κ√
3
ρ1/2χ1/2,ϕ , h =
κ2
6
ρ. (4.8)
It is advantageous to analyze these two particular cosmologies by making use of a more
general equation
h = h0ρ
αχβ,ϕ, (4.9)
where the constants h0 and α are positive and β < 1. In particular, h0, α, and β, are
respectively equal to κ2/6, 1, and 0, at high density and κ/
√
3, 1/2, and 1/2 at low density.
Equation (4.9) also includes the standard cosmology analyzed by Abramo and Finelli [19]
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and the Gauss-Bonnet braneworld (GBB) at high density [41, 42, 43, 44]. In the standard
cosmology we have h0 = κ/
√
3, α = 1/2, and β = 0 whereas in the high density limit of
GBB we have [41, 44] h0 = κ
2/3, α = 1/3, and β = 0. In the latter scenario the coupling κ2
is defined by the first equation (3.19) where we have identified the mass scale (4k)2 with the
inverse of the GB coupling, i.e., we set 1/k = 4
√
αGB.
Applying (4.4)-(4.7) and (4.9) we obtain an identity
c2n(m− n)ϕ2m + 3h0cn
(n
4
)β
ϕm+1−αn+βn/4−β
(
1 + c2nϕ
2m
)α/2+1/2 − n = 0, (4.10)
which must hold for any ϕ. It is easily seen that this identity will be satisfied if and only if
m = 0 and n = ncr, where the critical power ncr depends on α and β,
ncr =
1− β
α− β/4 . (4.11)
In particular ncr equals 2 in the standard cosmology [19], 3 in the high density GBB, and,
respectively, 4/3 and 1 in the low and high density regimes of BWC. For n = ncr the
derivative ϕ˙ is simply a constant yielding
ϕ =
ccr√
1 + c2cr
τ, (4.12)
where, for simplicity, we have set the integration constant to zero and ccr stands for cncr . As
a consequence of (4.10), the constant ccr satisfies the equation
c2cr(1 + c
2
cr)
α−1 =
(
4βn1−βcr
3h0
)2
, (4.13)
which, in general, cannot be solved for ccr. However, for each of the four cases mentioned
above, equation (4.13) becomes relatively simple with solutions
ccr =


8
√
2/(3κ)2
(
1 +
√
1 + 4 (3κ/4)4
)1/2
BWC, low density
2/κ2 BWC, high density
2
√
2/(3κ2)
(
1 +
√
1 + 9κ4/4
)1/2
standard cosmology
1/(3κ2)
(
1 + u1/3 + u−1/3
)
GBB, high density,
(4.14)
where, in the last line
u = 1 +
27κ4
2
+
√
27κ2
2
√
4 + 27κ4. (4.15)
From (3.17) and (3.18) it follows that the equation of state is a negative constant
w ≡ p
ρ
= − 1
1 + c2cr
(4.16)
and hence describes a dark energy fluid. Note that in the strong coupling limit, i.e., κ →
∞, corresponding to large brane tensions, we have ccr → 0 and the fluid approaches the
cosmological constant.
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From (4.5) and (4.12) we obtain the density as a function of τ
ρ(τ) = ρ0τ
−ncr , (4.17)
where
ρ0 =
(1 + c2cr)
ncr/2+1/2
cncrcr
. (4.18)
Furthermore, from (4.8) we find that the cosmological scale behaves as a power of τ
a(τ) = a0τ
q, (4.19)
where
q =
ncr (1 + c
2
cr)
3c2cr
. (4.20)
Finally ρ can be expressed as a function of the cosmological scale as
ρ(a) = ρ0
(
a
a0
)−ncr/q
= ρ0
(
a
a0
)−3c2cr/(1+c2cr)
. (4.21)
Obviously, in the limit κ → ∞ we have ccr → 0, and the universe approaches de Sitter. In
contrast, in the weak coupling limit ccr →∞, the universe behaves as dust.
For n 6= ncr equation (4.10) admits no solution. Nevertheless, it can be solved in the
asymptotic regimes of high and small ϕ. In these regimes we distinguish two cases: a)
ϕ→∞ and m > 0 or ϕ→ 0 and m < 0, and b) ϕ→∞ and m < 0 or ϕ→ 0 and m > 0.
a) ϕ→∞ and m > 0 or ϕ→ 0 and m < 0
Keeping only the dominant terms in (4.10) in the limit ϕ → ∞ for m > 0 or ϕ → 0 for
m < 0 we find
c2n(m− n) + 3h0 (n/4)β cα+2n ϕmα−s = 0, (4.22)
where
s = n
(
α− β
4
)
+ β − 1 =
(
n
ncr
− 1
)
(1− β). (4.23)
Then, to satisfy (4.22) for any ϕ we must have
m =
s
α
. (4.24)
From this it follows n ≶ ncr for m ≶ 0. The constant cn is given by
cn =
(
1− β + nβ/4
3h0α
)1/α(
4
n
)β/α
(4.25)
and we have
ρ = πϕ = cnϕ
−(1−β+nβ/4)/α. (4.26)
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The equation of state
w = −(1− ϕ˙2) = − 1
1 + c2nϕ
2s/α
(4.27)
approaches 0 for large ϕ with n > ncr or small ϕ with n < ncr. Hence, the system (4.2)-(4.3)
has a dark-matter attractor at ϕ˙2 = 1 or ϕ = τ in both limits. The large and small ϕ
limits correspond the of large and small τ limits, respectively. In these limits we obtain the
following behavior of the density and cosmological scale as functions of time
ρ(τ) = cnτ
−(1−β+nβ/4)/α, (4.28)
a(τ) = a0τ
(1−β+nβ/4)/(3α), (4.29)
so that the density as a function of the cosmological scale
ρ(a) = cn
a30
a3
(4.30)
clearly demonstrates the dust behavior.
b) ϕ→∞ and m < 0 or ϕ→ 0 and m > 0
This case is relevant for an inflationary scenario. Namely, as we shall shortly see, the slow
roll condition ϕ˙ ≪ 1 for the tachyon inflation [45, 46] is met in both ϕ → ∞ and ϕ → 0
limits. Keeping the dominant terms in (4.10) in the limit ϕ → ∞ for m < 0 or ϕ → 0 for
m > 0 the equation reduces to
3h0 (n/4)
β cnϕ
m−s = n (4.31)
yielding
m = s ≡
(
n
ncr
− 1
)
(1− β), (4.32)
so m ≶ 0 implies n ≶ ncr as before. The coefficient cn is now given by
cn =
4βn1−β
3h0
. (4.33)
Then, using
ρ = ϕ−n, πϕ = cnϕs−n, (4.34)
we obtain
ϕ˙ = πϕ/ρ = cnϕ
s, (4.35)
from which it follows ϕ˙ → 0 in both ϕ → ∞ (with s < 0) and ϕ → 0 (with s > 0) limits.
Hence, the equation of state w → −1 in both limits. However, the solution to (4.35) critically
depends on whether s is equal, greater or smaller than 1:
ϕ(τ) =

 [cn(1− s)(τ − τ˜)]
1/(1−s)
{
s < 1, τ > τ˜
s > 1, τ < τ˜
ϕ0 exp cnτ s = 1,
(4.36)
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where τ˜ and ϕ0 > 0 are arbitrary constants of integration. Obviously, the limits ϕ → ∞
(with s < 0) and ϕ → 0 (with 0 < s < 1) correspond to the limits τ → ∞ and τ → τ˜ ,
respectively. The limit ϕ → 0 (with s ≥ 1) correspond to τ → −∞. As a consequence of
(4.36), the cosmological scale factor evolves as
a(τ)
a0
=


exp {(τ − τ˜ )r/τ r0} s < 0, τ > τ˜
exp {−|τ − τ˜ |r/τ r0}
{
0 < s < 1,
s > 1,
τ > τ˜
τ < τ˜
exp {−bne−2cnτ} s = 1,
(4.37)
where
r =
2s
s− 1 =
2(n− ncr)(1− β)
(n− ncr)(1− β)− ncr , (4.38)
bn =
3h20
2ϕ20n
(n
4
)2β
, (4.39)
and
τ0 =
( |r|
h0
)1/r (
4
n
)β/r
(cn|s− 1|)1/r−1 . (4.40)
Note that the limits ϕ → ∞ and ϕ → 0 correspond to a → ∞ and a → 0, respectively.
From (4.34) together with (4.36) using the inverted relations (4.37) we find the density as a
function of the cosmological scale:
ρ(a) =

 [cn|s− 1|τ0]
n/(s−1) |ln(a/a0)|n/(2s)
{
s < 0, a > a0
s > 0, 6= 1, a < a0
(ϕ20bn)
−n/2 |ln(a/a0)|n/2 s = 1, a < a0.
(4.41)
Hence, in the asymptotic regimes of small and large a the density varies logarithmically, thus
demonstrating a quasi de Sitter behavior.
5 Conclusions
We have studied a braneworld cosmology (BWC) scenario based on the second RS model
extended to more general warp factors. We have shown how our BWC is related to the
cosmology of the braneworld in the bulk with a selfinteracting scalar field minimally coupled
to gravity. In the high density regime of our BWC the modified Friedmann equation is
identical to that of the original RSII cosmology and can be relevant for the early stages
of inflation. Within a reasonable approximation in the low density regime the modified
Friedmann equation remains of the same form as in the standard cosmology except that the
effective gravitational constant G is scale dependent.
As an application we have investigated a class of tachyon models in the framework of
BWC. Assuming no restrictions on variations of G in a pre-BBN cosmology we have analyzed
a power-law variation corresponding to the inverse power-law tachyon potential V ∝ ϕ−n.
We have demonstrated a universal critical behavior for the cosmologies described by (4.9)
for the tachyon field theory with inverse power-law potential: there exist a critical power
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n = ncr that divides a dust universe for n > ncr and a quasi de Sitter universe for 0 < n < ncr
in both asymptotic regimes of large and small tachyon field ϕ with ncr depending on the
details of the cosmological scenarios. In particular we have analyzed three different scenarios:
the standard tachyon cosmology and low and high energy-density regimes of the braneworld
cosmology. For these three cosmologies, we have found ncr to be equal to 2, 4/3, and 1,
respectively.
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A Scalar field in the bulk
Following DeWolfe et al. [12] we generalize the original RSII action to include a minimally
coupled scalar field Φ in the bulk so that in the absence of Φ the bulk is reduced to the pure
AdS5. The dynamics of a 3-brane in a 4+1 dimensional bulk is described by the total action
as the sum of the bulk and brane actions
S = Sbulk + Sbr. (A.1)
The bulk action is given by
Sbulk =
1
8πG5
∫
d5X
√
G
[
−R
(5)
2
+
1
2
GabΦ,aΦ,b − U(Φ)
]
+ SGH[h], (A.2)
where the Gibbons-Hawking boundary term is given by an integral over the brane hypersur-
face Σ:
SGH[h] =
1
8πG5
∫
Σ
d4x
√
−hK[h]. (A.3)
The quantity K is the trace of the extrinsic curvature tensor Kab defined as
Kab = h
c
ah
d
bnd;c, (A.4)
where na is a unit vector normal to the brane pointing towards increasing fifth coordinate,
hab is the induced metric
hab = Gab + nanb, (A.5)
and h ≡ det hab is its determinant. Observers on the brane with action
Sbr[h] = −
∫
Σ
d4x
√
−hσ(Φ), (A.6)
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see the induced metric hµν . As we will shortly see, the relationship between the brane tension
σ and the potential U is dictated by the field equations and the boundary conditions on the
brane.
Next we outline a derivation of the RSII like solution assuming the metric and bulk scalar
field depend on the fifth coordinate only [12]. The Einstein equations in the bulk are
6
ψ′2
ψ2
=
1
2
Φ′2 − U(Φ), (A.7)
− 3ψ
′′
ψ
+ 3
ψ′2
ψ2
= Φ′2, (A.8)
together with the Φ field equation away from the brane
Φ′′ + 4
ψ′
ψ
Φ′ =
dU
dΦ
, (A.9)
where the prime ′ denotes a derivative with respect to y. In addition, the solutions are
subject to the junction conditions on the brane
− 3
[[
ψ′
ψ
]]
= 8πG5σ(Φ0), (A.10)
[[Φ′]] = 8πG5
∂σ(Φ0)
dΦ0
, (A.11)
where [[f ]] denotes the discontinuity of a function f(y) across the brane, i.e.,
[[f(y)]] = lim
ǫ→0
(f(ybr + ǫ)− f(ybr − ǫ)) . (A.12)
Eq. (A.10) is a generalized fine tuning condition of RSII.
The system of equations (A.7)-(A.9) can be reduced to three decoupled first order differ-
ential equations [12]. Suppose U(Φ) is expressed in terms of a superpotential W (Φ)
U(Φ) =
1
8
(
dW
dΦ
)2
− 1
6
(W (Φ))2 . (A.13)
Then, a solution to equations
ψ′
ψ
= ∓1
6
W (Φ), Φ′ = ±1
2
dW
dΦ
, (A.14)
will also satisfy equations (A.7)-(A.9).
Owing to the assumed orbifold symmetry, the superpotentialW and its derivative dW/dΦ
will be continuous across the brane if the upper and lower signs in (A.14) are chosen for
y > ybr and y < ybr, respectively. Then, the junction conditions (A.10) and (A.11) will be
satisfied provided
σ(Φ0) =
1
8πG5
W (Φ0),
∂σ(Φ0)
dΦ0
=
1
8πG5
dW (Φ0)
dΦ0
, (A.15)
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where Φ0 denotes the value of Φ on the brane. Hence, generally σ(Φ) is tangent to W (Φ)
on the brane. A stronger condition σ(Φ) ≡W (Φ)/(8πG5) is required for a BPS brane[47].
The system of equations (A.14) can be expressed in terms of χ as a single second order
differential equation. In the region ybr ≤ y <∞ (zbr ≤ z <∞) one finds
χ
d2χ
dz2
− 1
12
(
dW
dΦ
)2
= 0, (A.16)
where the argument of dW/dΦ is
Φ = W−1(6χ,z). (A.17)
Here W−1 denotes the inverse function ofW and χ,z is an abbreviation for dχ/dz. Similarly,
in the region −∞ < y ≤ ybr (0 < z ≤ zbr) one finds
z2
z2br
χ
d
dz
(
z2
z2br
dχ
dz
)
− 1
12
(
dW
dΦ
)2
= 0, (A.18)
where the argument of dW/dΦ is
Φ = W−1(−6z2χ,z/z2br). (A.19)
As an example of particular interest, consider a warp function of the power-law form
χ(z) =
{
(z/zbr)
n, for zbr ≤ z <∞
(zbr/z)
n, for 0 < z ≤ zbr (A.20)
Then, using either (A.16) with (A.17) in the region zbr ≤ z < ∞ or (A.18) with (A.19) in
the region 0 < z ≤ zbr, we obtain the differential equation(
dW
dΦ
)2
− ηW 2 = 0, (A.21)
where
η =
n− 1
3n
. (A.22)
For n ≥ 1, equation (A.21) has a real solution
W (Φ) = 6ke
√
ηΦ. (A.23)
In the limiting case of n = 1 (η = 0) one recovers the RSII model with pure AdS5 bulk with
curvature radius ℓ = 1/k = zbr. The superpotentials of the exponential form (A.23) have
been extensively studied in the context of braneworlds inspired by supergravity [25, 31, 48,
49].
For n < 1, Eq. (A.21) has no real solution. However, the power-law warp factor of the
form
χ =
(
z
zbr
)n
− C, (A.24)
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with C > 0, yields a modified differential equation
(
dW
dΦ
)2
− ηW 2
(
1− C
(
zbrW
6n
)−1/(3η))
= 0, (A.25)
which has real solutions for any real n. The solution can be expressed in the form
W =
6nC3η
zbr
×
{
[1 + tan2(Φ/(6
√−η) + C1)]−3η , for n < 1[
1− tanh2(Φ/(6√η) + C2)
]−3η
, for n ≥ 1, (A.26)
where C1 and C2 are arbitrary integration constants which can be conveniently chosen. For
example, with the choice
C2 =
1
6η
ln
43η
nC3η
(A.27)
one recovers the solution (A.23) in the limit C → 0.
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